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The band-unfolding method is widely used to calculate the effective band structures of a disordered system
from its supercell model. The unfolded band structures show the crystallographic symmetry of the underlying
structure, where the difference of chemical components and the local atomic relaxation are ignored. It has been,
however, still difficult to decompose the unfolded band structures into the modes based on the crystallographic
symmetry of the underlying structure, and therefore detailed analyses of the unfolded band structures have been
restricted. In this study, we develop a procedure to decompose the unfolded band structures according to the
small representations (SRs) of the little groups. For this purpose, we derive the projection operators for SRs
based on the group representation theory. We also introduce another type of projection operators for chemical
elements, which enables us to decompose the unfolded band structures into the contributions of different combi-
nations of chemical elements. Using the current method, we investigate the phonon band structure of disordered
face-centered cubic Cu0.75Au0.25, which has large variations of atomic masses and force constants among the
atomic sites due to the chemical disorder. We find several peculiar behaviors such as discontinuous and split
branches in the unfolded phonon band structure. They are found to occur because different combinations of the
chemical elements contribute to different regions of frequency.
I. INTRODUCTION
Configurational disorder is commonly seen in alloy sys-
tems, which often changes their physical properties. First-
principles calculations for such a disordered system require
some approximations. Among such approximations, the vir-
tual crystal approximation [1] and the coherent potential ap-
proximation [2] consider an effective medium for the disor-
dered system and have often been adopted. These methods,
however, generally do not explicitly consider the local envi-
ronment around each atom, which is sometimes critical for
quantitative evaluations of physical properties of the disor-
dered system [3]. In contrast, the use of a supercell model
to mimic the disordered system is computationally more de-
manding but can accurately account for the local environment
around each atom, including local relaxation of atomic posi-
tions. With the development of high performance computers,
the supercell approach is increasingly more popular.
A disordered system can be associated with its correspond-
ing underlying structure, where the difference of chemical
components and the local atomic relaxation are ignored. How-
ever, when the disordered system is mimicked by a supercell
model, it generally lacks the crystallographic symmetry of the
underlying structure. This makes it difficult to compare the
band structures (of electrons and phonons) calculated from
the supercell model with experimental data, because they are
typically described as if the disordered system has the crys-
tallographic symmetry of its underlying structure. To fill the
gap between such supercell calculations and the experimen-
tal data, a computational method to obtain the effective band
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structures, which show the symmetry of the corresponding un-
derlying structure, should be useful.
The band-unfolding method [4–7] is one of the methods
to obtain such an effective band structure using a supercell
model. In this method we obtain the effective band structure
by decomposing the eigenvectors (of electrons or phonons)
obtained from the supercell model of a disordered system ac-
cording to the translational symmetry of its underlying crystal
structure. Already the band-unfolding method has been ap-
plied to the electronic band structures [4–6, 8–12] and to the
phonon band structures [7, 13–16] of various systems with
disorders and also has been used in characteristic ways such
as analyses of surface states [7] and of spinor wave functions
[17]. Among various band-unfolding procedures, Allen et al.
use the projection operators that decompose the eigenvectors
obtained from a supercell model according to the transla-
tional symmetry of the underlying structure [7]. Unlike previ-
ous approaches [4–6], their formalization has conceptual and
practical advantages because it can be understood based on
the group theory and because it does not require any refer-
ence vectors for the decomposition. Even in their formal-
ization, however, one still cannot further decompose the un-
folded band structures into the modes that transform in differ-
ent ways under the symmetry operations with nontrivial rota-
tional parts.
From a group-theoretical viewpoint, the small representa-
tions (SRs) of the little group of the wave vector k describe
how the eigenvectors of a crystalline material at k transform
under the symmetry operations [18–20]. Since the SRs of
the eigenvectors are useful to analyze various physical behav-
iors such as selection rules and avoided band crossings [21]
in band structures, it is reasonable to decompose the unfolded
band structures into the modes corresponding to different SRs.
In a previous band-unfolding approach [13], an unfolded band
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2structure is decomposed according to the cumulative spectral
function. The modes determined in this manner, however, do
not reflect the crystallographic symmetry of the underlying
structure, i.e., they do not follow any SRs of the little groups
for the underlying structure. Moreover, the degeneracies of
the modes cannot be determined in this approach in terms
of crystallographic symmetry. To the best of our knowledge,
there have been no reports for how to decompose the unfolded
band structures according to the SRs in a systematic manner.
In this study, we develop a procedure to decompose un-
folded band structures according to the SRs of the little groups
of the underlying crystal structure. For this purpose, we in-
troduce the projection operators for SRs [Eq. (24)] based on
the group representation theory. These projection operators
can be applied to symmetrically degenerated modes. Using
the projection operators for SRs, we can analyze the unfolded
band structures in very similar ways to those of ordered sys-
tems in terms of crystallographic symmetry.
Here we also analyze the contributions of different chemi-
cal elements in the unfolded band structures. In previous ap-
proaches [4, 6, 13], it was not clear how to investigate the
contributions of different chemical elements to the unfolded
band structures. This issue largely limits our understanding
about the band structures of disordered systems. In this study,
we also derive the projection operators for chemical elements
[Eq. (27)] particularly for the phonon modes, which enable us
to decompose the unfolded phonon band structures according
to the contribution of the chemical elements. This decompo-
sition enables us to analyze peculiar behaviors in the unfolded
phonon band structures that are not found in ordered systems.
We use the current band-unfolding method to investigate
the phonon band structure of disordered face-centered cubic
(fcc) Cu0.75Au0.25. This alloy is known to have large varia-
tions of atomic masses and force constants among the atomic
sites due to the chemical disorder, and hence its phonon band
structure has been investigated in experimental [22] and com-
putational [23] approaches to reveal the impacts of these vari-
ations. We find several peculiar behaviors such as discontinu-
ous and split branches in the unfolded phonon band structure.
The origins of these peculiar behaviors are analyzed based on
the projection operators for SRs and those for chemical ele-
ments, both of which are derived in this study. It is found
that these peculiarities occur because different combinations
of the chemical elements contribute to different regions of fre-
quency.
II. METHODS
In this section, we first summarize the computational pro-
cedure of phonon modes because in this paper we focus on the
unfolding for phonon band structures. Next we introduce the
notations to describe the relations between a supercell model
and its underlying crystal structure. Then we derive three
types of projection operators, the keys of the current band-
unfolding method. Finally we obtain the spectral functions,
which are plotted as the unfolded band structures.
We denote transformation operators on real space points in
the Seitz notation as {R|w}, where the rotational part R and
the translational part w are 3 × 3 and 3 × 1 real matrices, re-
spectively. {R|w} transforms a real space point x as
{R|w}x = Rx + w. (1)
We use the same notation also for transformation operators on
functions of x (see Appendix A for how {R|w} works on the
functions).
A. Phonon-mode calculations
Suppose xlκ is the equilibrium positions of the κth atom in
the lth unit cell of a crystalline system. The second-order force
constants for the pair of the atoms lκ and l′κ′ are denoted as
Φαβ(lκ, l′κ′), where α and β are indices for Cartesian coordi-
nates. The dynamical matrix D(K) at the wave vector K is
then calculated as
Dαβκκ′ (K) =
1√
mκmκ′
∑
l′
Φαβ(0κ, l′κ′)eiK·(xl′κ′−x0κ), (2)
where mκ is the mass of the κth atom. Phonon frequencies
ω(K, J) and mode eigenvectors v(K, J) at K are obtained by
solving the eigenvalue problem of D(K) as
D(K)v(K, J) = [ω(K, J)]2v(K, J) (3)
or ∑
βκ′
Dαβκκ′v
β
κ′ (K, J) = [ω(K, J)]
2vακ (K, J), (4)
where J is the band index. v(K, J) can be explicitly written as
v(K, J) =

v1(K, J)
...
vn(K, J)
 =

vx1(K, J)
vy1(K, J)
vz1(K, J)
...
vxn(K, J)
vyn(K, J)
vzn(K, J)

, (5)
where n is the number of atoms in a unit cell, and 3×1 matrices
vκ are the component for the κth atom. Hereafter v(K, J) is
supposed to be normalized.
To explicitly describe the dependence of the atomic dis-
placements on the wave vector K, we consider the “phase-
weighted” mode eigenvectors v˜(K, J). The components of
v˜(K, J) is given for all the atomic sites in all the unit cells
as
v˜lκ(K, J) ≡ eiK·xlκvκ(K, J), (6)
v˜l(K, J) =

v˜l1(K, J)
...
v˜ln(K, J)
 . (7)
3K = k1
k2
k3k4
G1 = 0
G2
G3
G4
BZ for the underlying structure
BZ for a supercell model
FIG. 1. (Color online) Two-dimensional representation of the re-
lation between a supercell model and its underlying structure in re-
ciprocal space. White and black circles represent reciprocal lattice
points of the supercell model, and the white circles also correspond
to reciprocal lattice points of the underlying structure. A wave vec-
tor K moves to the wave vectors ki inside the BZ for the underlying
structure by adding the corresponding reciprocal lattice vectors of the
supercell model Gi, represented by green arrows.
v˜(K, J) can be regarded as a vector-field function of x de-
fined on xlκ, and hence {R|w} transforms v˜(K, J) according
to Eq. (A4) as
[{R|w}v˜(K, J)]lκ = Rv˜l′κ′ (K, J), (8)
where l′ and κ′ satisfy
xl′κ′ = {R|w}−1xlκ
= R−1xlκ − R−1w. (9)
B. Supercell model and its underlying crystal structure
The basis of the lattice of a supercell model Ai can be con-
structed from the basis of the lattice of the underlying struc-
ture ai as Ai =
∑3
j=1 n jia j (i = 1, 2, 3), where (n ji) is a 3 × 3
integer matrix. The “size” of the supercell model relative to
the underlying crystal structure is then given as N ≡ | det(n ji)|.
Lattice vectors of the underlying structure t and of the super-
cell model T can be obtained as the integral linear combina-
tions of ai and Ai, respectively.
The space group of the underlying structure is denoted as
G. The point group of the space group G, which consists of
the distinct rotational parts of the elements in G, is denoted as
G¯. The supercell model generally has lower crystallographic
symmetry than G. The set of t forms the translation subgroup
T of G, while the set of T forms the translation group T ′,
which is a normal subgroup ofT . T can be decomposed using
the coset representatives relative to T ′ as
T = {I3|t1}T ′ + · · · + {I3|tN}T ′, (10)
where I3 is the 3 × 3 identity matrix.
The bases of the reciprocal lattice of the underlying struc-
ture bi and of the supercell model Bi satisfy ai · b j = 2piδi j
and Ai · B j = 2piδi j, respectively. Reciprocal lattice vectors
of the underlying structure g and of the supercell model G
can be obtained as the integral linear combinations of bi and
Bi, respectively. Let {g} be the set of g. G and satisfies the
following relation;
1
N
N∑
j=1
eiG·t j =
1 if G ∈ {g},0 otherwise, (11)
where the set of t j is the lattice vectors of the underlying
crystal structure corresponding to the coset representatives in
Eq. (10). Figure 1 represents the relation of the first Bril-
louin zones (BZs) for the supercell model and for its under-
lying structure. A wave vector K is related to N distinct wave
vectors k1, . . . ,kN inside the BZ for the underlying structure
as
ki = K + Gi (i = 1, . . . ,N), (12)
where Gi is the reciprocal lattice vector of the supercell model
corresponding to ki. If k = l then kk − kl = 0 ∈ {g}, while if
k , l then kk − kl < {g} because both kk and kl are inside the
BZ for the underlying structure. Therefore, using Eq. (11),
1
N
N∑
j=1
ei(kk−kl)·t j = δkl. (13)
C. Projection operators
Three types of projection operators are derived to formulate
the current band-unfolding method. The projection operators
for wave vectors Pˆk are used to decompose the eigenvectors
obtained from a supercell model according to the translational
symmetry for the underlying crystal structure. These projec-
tion operators are equivalent to those derived in Ref. [7]. The
projection operators for SRs Pˆkµ are used to further decom-
pose the eigenvectors according to the SRs of little groups.
The projection operators for chemical elements PˆX are also
defined to analyze the contributions of different combinations
of the chemical elements to the unfolded band structures.
1. Projection operators for wave vectors
Let fK(x) be an eigenfunction obtained from the supercell
model, which transforms under the translations Tˆ = {I3|T} ∈
T ′ as
Tˆ fK(x) = e−iK·T fK(x). (14)
Note that both scalar-field and vector-field functions can be
considered as fK(x). fK(x) can be decomposed using the ba-
sis functions of the irreducible representations (IRs) of T as
fK(x) =
N∑
k=1
ckk f
kk (x), (15)
4v˜
X
X′
(a)
Pˆkv˜
(b)
Pˆk
′v˜
(c)
Pˆkµ Pˆkv˜
(d)
Pˆkν Pˆkv˜
(e)
Pˆk
′µ ′Pˆk
′v˜
(f)
Pˆk
′ν ′Pˆk
′v˜
(g)
FIG. 2. (Color online) Two-dimensional representation of how the projection operators for wave vectors Pˆk in Eq. (17) and for SRs Pˆkµ
in Eq. (24) work on a phonon mode eigenvector of a supercell model of a disordered system. Circles represent atoms in the system; red
and green ones represent the chemical elements X and X′, respectively, while white ones indicate that the chemical elements are no longer
distinguished. Blue arrows on the circles represent the real parts of a mode eigenvector on atoms or its projections. (a): Hypothetical phonon
mode eigenvector v˜. (b), (c): Projection of v˜ by Pˆk and Pˆk′ for different wave vectors k and k′, respectively. (d), (e), (f), (g): Further projection
of Pˆkv˜ (Pˆk′ v˜) by Pˆkµ and Pˆkν (Pˆk′µ′ and Pˆk′ν′ ), where µ and ν (µ′ and ν′) are indices for the SRs of Gk (Gk′ ).
where kk (k = 1, . . . ,N) is a wave vector inside the BZ for the
underlying structure obtained from K according to Eq. (12),
and f kk (x) is the basis function of the IR of T labeled kk. By
definition f kk (x) is transformed by the translations tˆ ≡ {I3|t} ∈
T as
tˆ f kk (x) = f kk (tˆ−1x)
= e−ikk ·t f kk (x), (16)
where the set of e−ikk ·t for all tˆ is the IR labeled kk. Note that
all the IRs of T is one-dimensional because T is an Abelian
group [18–20]. f kk (x) and f kk′ (x) are orthogonal to each other
when k , k′.
The projection operator Pˆkk for the wave vector kk can be
constructed using the coset representatives tˆ j = {I3|t j} of T
relative to T ′ in Eq. (10) as
Pˆkk =
1
N
N∑
j=1
χkk (tˆ j)∗ tˆ j
=
1
N
N∑
j=1
eikk ·t j tˆ j, (17)
where χkk (tˆ j) = e−ikk ·t j is the character of tˆ j in the IR la-
beled kk. Using the orthogonality relations in Eq. (13) and
the transformation rule for the basis functions of the IRs of T
in Eq. (16), it can be shown that
Pˆkk fK(x) = ckk f
kk (x) (18)
(see Appendix C for detailed derivation). Equation (18) indi-
cates that Pˆkk extracts from fK(x) the basis function of the IR
5ofT specified by the wave vector kk. From Eqs. (15) and (18),
fK(x) =
N∑
k=1
Pˆkk fK(x). (19)
Pˆkk fK(x) and Pˆk′k fK(x) are orthogonal to each other when k ,
k′. Figures 2(a)–(c) visualize how Pˆkk works on a phonon
mode eigenvector of a supercell model.
2. Projection operators for SRs
f kk (x) shows the translational symmetry of the underlying
crystal structure but in general is not a basis function of the
SRs of the little group of the wave vector kk. Here the projec-
tion operators for SRs to decompose f kk (x) according to the
SRs are derived. For the sake of simplicity, we hereafter omit
the index for the wave vector kk is hereafter omitted, f kk (x) is
denoted as f k(x).
The little group Gk is the subgroup of G whose elements
{R|w} leave k invariant in the sense that RTk = k + g [24].
The SRs Γkµ of Gk are defined as the IRs of Gk that satisfy
Γkµ({I3|t}) = e−ik·tIdµ , (20)
where µ is the index for the SRs, dµ is the dimension of the
µth SR, and Idµ is the dµ × dµ identity matrix [18–20]. Note
that the number of the inequivalent SRs of Gk is finite.
Since the SRs of Gk satisfy Eq. (20), f k(x) can be decom-
posed as
f k(x) =
∑
µ
nµ∑
s=1
dµ∑
k=1
cµsk f kµsk(x), (21)
where f kµsk(x) is the kth-row basis function of the µth SR be-
longing to the sth set for the SR, nµ is the number of the sets
for the µth SR, and cµsk is the coefficient of the linear combi-
nation. Note that there can be two or more sets of basis func-
tions for the same SR. By definition f kµsk(x) is transformed
by gˆ = {R|w} ∈ Gk as
gˆ f kµsk(x) = f kµsk(gˆ−1x)
=
dµ∑
k′=1
f kµsk
′
(x)Γkµk′k(gˆ). (22)
f kµsk(x) and f k′νs′k′ (x) are orthogonal to each other when µ ,
ν, s , s′, or k , k′.
Gk can be decomposed using the coset representatives rela-
tive to T as
Gk = {R1|w1}T + · · · + {R|G¯k ||w|G¯k |}T , (23)
where and G¯k is the little cogroup, i.e., the point group com-
posed of the distinct rotational parts of the elements in Gk.
The projection operator Pˆkµ for the µth SR is constructed us-
ing gˆ j = {R j|w j} as
Pˆkµ =
dµ
|G¯k|
|G¯k |∑
j=1
χkµ(gˆ j)∗gˆ j, (24)
where χkµ(gˆ j) ≡ tr [Γkµ(gˆ j)] = ∑dµm=1 Γkµmm(gˆ j) is the character
of gˆ j in the µth SR. Using the orthogonality relations for SRs
in Eq. (B7) (see Appendix B) and the transformation rule for
the basis functions of the SRs in Eq. (22), it can be shown that
Pˆkµ f k(x) =
nµ∑
s=1
dµ∑
k=1
cµsk f kµsk(x) (25)
(see Appendix D for detailed derivation). Equation (25) indi-
cates that Pˆkµ extracts from f k(x) the part being in the partial
space spanned by the basis functions for the µth SR of Gk.
From Eqs. (21) and (25),
f k(x) =
∑
µ
Pˆkµ f k(x). (26)
Pˆkµ f k(x) and Pˆkν f k(x) are orthogonal to each other when
µ , ν. Figures 2(d)–(g) visualize how Pˆkµ works on a phonon
mode eigenvector of a supercell model.
Practically Pˆkµ can be explicitly obtained as follows. As
shown in Appendix B, the SRs of Gk can be constructed using
the irreducible projective representations (IPRs) of G¯k. Since
the characters of the IPRs of G¯k are tabulated in the literature
[21], the characters of the SRs of Gk can be obtained from
these data using Eq. (B3). Pˆkµ is then calculated from the
obtained characters of the SRs of Gk.
It should be emphasized that from a mathematical view-
point the derivations of Pˆk and of Pˆkµ are very similar. The
only difference is that for Pˆkµ two- or more-dimensional SRs
have to be dealt with.
3. Projection operators for chemical elements
A phonon mode eigenvector v˜ (here v˜(K, J) is simply de-
noted as v˜) of a supercell model can be decomposed into
the contributions from different elements using the projec-
tion operator PˆX for the chemical element X, which works
on ˜mathb f v as
[PˆXv˜]lκ =
v˜lκ if X is on the site lκ,0 otherwise. (27)
PˆX satisfies
v˜ =
∑
X
PˆXv˜, (28)
where the summation is taken over all the chemical elements
in the system. When X , X′, PˆXv˜ and PˆX′ v˜ are orthogonal to
each other. However, PˆkPˆXv˜ and PˆkPˆX′ v˜ are not necessarily
orthogonal to each other, as well as PˆkµPˆkPˆXv˜ and PˆkµPˆkPˆX′ v˜
are not necessarily orthogonal to each other.
Figure 3 visualizes how PˆX and PˆX
′
for two different chem-
ical components X and X′, respectively, works on v˜. In this
figure, PˆkµPˆkPˆXv˜ and PˆkµPˆkPˆX′ v˜ point the same direction for
each atomic position. Those projected vectors are “positively
6v˜
X
X′
(a)
PˆXv˜
(b)
PˆkPˆXv˜
(d)
Pˆkµ PˆkPˆXv˜
(f)
Pˆkν PˆkPˆXv˜
(g)
PˆX
′v˜
(c)
PˆkPˆX
′v˜
(e)
Pˆkµ PˆkPˆX
′v˜
(h)
Pˆkν PˆkPˆX
′v˜
(i)
FIG. 3. (Color online) Two-dimensional representation of how the projection operators for chemical elements PˆX in Eq. (27) work on a phonon
mode eigenvector of a supercell model of a disordered system. The symbols are used in the same way as those in Fig. 2. (a): Hypothetical
mode eigenvector v˜. (b), (c): Projection of v˜ by PˆX and PˆX′ . (d), (e): Further projection of PˆXv˜ and PˆX′ v˜ by Pˆk. (f), (g), (h), (i): Further
projection of PˆkPˆXv˜ and PˆkPˆX′ v˜ by Pˆkµ and Pˆkν.
correlated” in the sense that the real part of the dot prod-
uct between PˆkµPˆkPˆXv˜ and PˆkµPˆkPˆX′ v˜ is positive. In con-
trast, PˆkνPˆkPˆXv˜ and PˆkνPˆkPˆX′ v˜ point the opposite direction
for each atomic position. Those projected vectors are “neg-
atively correlated” in the sense that the real part of the dot
product between PˆkνPˆkPˆXv˜ and PˆkνPˆkPˆX′ v˜ is negative. In
this case, each of X and X′ contributes to the νth SR in itself
for v˜, but in total they cancel out each other.
D. Spectral functions
Here we obtain the spectral functions, which are regarded
as the unfolded band structures. We use the notations for
phonon modes in Sec. II A for the sake of simplicity.
1. Spectral functions at each k
Let us first consider the “original” spectral function of a
supercell model As(K, ω) as
As(K, ω) =
∑
J
δ[ω − ω(K, J)]. (29)
The peak positions of the delta functions constitute the “orig-
inal” band structure of the supercell model.
The unfolded spectral function A(kk, ω) is defined using the
projection operators for wave vectors Pˆkk in Eq. (17) as
A(kk, ω) ≡
∑
J
∣∣∣[Pˆkk v˜(K, J)]l∣∣∣2 δ[ω − ω(K, J)], (30)
where A(kk, ω) does not depends on the choice of the index
for supercells l. A(kk, ω) satisfies
As(K, ω) =
N∑
k=1
A(kk, ω), (31)
7where we use Eq. (19) and the orthogonality between
[Pˆkk v˜(K, J)]l and [Pˆkk′ v˜(K, J)]l when k , k′. It can be said
that As(K, ω) defined in the BZ for the supercell model is
remapped in the BZ for the underlying crystal structure with
the weights obtained from [Pˆkv˜(K, J)]l. A(kk, ω) is equivalent
to the unfolded spectral function in previous reports [6, 7].
The partial spectral function Aµ(k, ω) (the index for k is
hereafter omitted for the sake of simplicity) for the µth SR
of Gk is defined using the projection operator for SRs Pˆkµ in
Eq. (24) as
Aµ(k, ω) ≡
∑
J
∣∣∣[PˆkµPˆkv˜(K, J)]l∣∣∣2 δ[ω − ω(K, J)]. (32)
Aµ(k, ω) satisfies
A(k, ω) =
∑
µ
Aµ(k, ω), (33)
where we use Eq. (26) and the orthogonality between
[PˆkµPˆkv˜(K, J)]l and [PˆkνPˆkv˜(K, J)]l when µ , ν.
Aµ(k, ω) can be further decomposed using the projection
operators for chemical elements PˆX in Eq. (27) as
Aµ(k, ω) =
∑
X,X′
Aµ,XX
′
(k, ω), (34)
where
Aµ,XX
′
(k, ω)
≡
∑
J
[PˆkµPˆkPˆXv˜(K, J)]†l [Pˆ
kµPˆkPˆX
′
v˜(K, J)]lδ[ω − ω(K, J)].
(35)
Aµ,XX
′
(k, ω) represents the contribution of the combination of
the elements X and X′ to Aµ(k, ω). Aµ,XX(k, ω) is for the con-
tribution only from X, while Aµ,XX
′
(k, ω) ≡ Aµ,XX′ (k, ω) +
Aµ,X
′X(k, ω) (X = X′) is for the correlative contribution
from X and X′. Akµ,XX(k, ω) is always non-negative, while
Akµ,XX
′
(k, ω) (X , X′) becomes negative when the atomic
movements of X and X′ for the µth SR are negatively corre-
lated as described in Sec. II C 3 and Fig. 3.
2. Average spectral functions over crystallographically equivalent
wave vectors
Although we can obtain the spectral functions using the
procedure described above, generally they still do not fully
show the rotational symmetry for the underlying crystal struc-
ture. To impose the crystallographic symmetry of the under-
lying crystal structure to the spectral functions obtained using
the band-unfolding method, we take the average of the spec-
tral functions over the wave vectors that are crystallographi-
cally equivalent for the underlying structure in the same man-
ner as described in Sec. III E in Ref. [6].
For a wave vector k, the set of crystallographically equiv-
alent wave vectors {k} is called the star of k [21, 24]. The
average spectral function A¯(k, ω) at k is calculated as
A¯(k, ω) =
1
|{k}|
∑
k′∈{k}
A(k′, ω). (36)
Similarly, we can take the average also for Aµ(k, ω),
Aµ,XX(k, ω), and Aµ,XX′ (k, ω) as
A¯µ(k, ω) =
1
|{k}|
∑
k′∈{k}
Aµ(k′, ω), (37)
A¯µ,XX(k, ω) =
1
|{k}|
∑
k′∈{k}
Aµ,XX(k′, ω), (38)
and
A¯µ,XX
′
(k, ω) =
1
|{k}|
∑
k′∈{k}
Aµ,XX
′
(k′, ω), (39)
respectively.
III. COMPUTATIONAL DETAILS
Here the computational details to obtain the effective
phonon band structure of disordered fcc Cu0.75Au0.25 using
the current band-unfolding method are described.
A. Supercell models of disordered fcc Cu0.75Au0.25
The atomic configuration in disordered fcc Cu0.75Au0.25
was approximated using special quasirandom structures
(SQSs) [25]. SQSs mimic fully disordered atomic configu-
rations within limited-size supercells in terms of the correla-
tion functions in the cluster expansion method [26–28]. In this
study the SQSs for the 2×2×2 (32 atoms) and the 3×3×3 (108
atoms) supercells of the conventional fcc unit cell were con-
structed and used to model disordered fcc Cu0.75Au0.25. The
SQSs were obtained using simulated annealing [29, 30] as im-
plemented in the CLUPAN code [31, 32].
B. Electronic structures
The plane-wave basis projector augmented wave (PAW)
method [33] was employed in the framework of density-
functional theory within the generalized gradient approxi-
mation of the Perdew-Burke-Ernzerhof form [34] as imple-
mented in the VASP code [35–37]. A plane-wave energy cut-
off of 350 eV was used. 3d and 4s electrons were treated as
valence electrons for Cu, and 5d and 6s electrons were treated
as valence electrons for Au. Other electrons were kept frozen.
The BZs were sampled by the Γ-centered 12 × 12 × 12 k-
point mesh per conventional fcc unit cell, and the Methfessel-
Paxton scheme [38] with a smearing width of 0.4 eV was em-
ployed. The total energies were minimized until the energy
convergences were less than 10−8 eV. Lattice shapes were kept
8to be cubic, and lattice constants of Cu0.75Au0.25 were fixed
to the experimental value at room temperature, 3.753 Å [39].
Atoms in the supercell models were initially put on the fcc
atomic sites, and then the internal atomic positions were opti-
mized until the residual forces became less than 1×10−3 eV/Å.
C. Band-unfolding for phonons
The unfolded phonon band structure of disordered fcc
Cu0.75Au0.25 was obtained as follows. First the second-order
force constants of the supercell models were calculated by ap-
plying finite atomic displacements of 0.01 Å to the supercell
models with the optimized internal atomic positions. No fur-
ther expansion of the supercell models was applied to calcu-
late the force constants in this study. Next the phonon modes
of the supercell models were obtained according to Sec. II A.
Here the atoms in the supercell models were supposed to
be exactly on the fcc atomic sites before the optimization of
the internal atomic positions to provide one-to-one correspon-
dence for the atomic positions between the supercell models
and their underlying fcc structure. Finally the phonon modes
were unfolded into the BZ for the primitive fcc unit cell; to-
tal and partial spectral functions described in Eqs. (36), (37),
(38), and (39) were calculated. Delta functions in these spec-
tral functions were smeared by the Lorentzian functions with
the half-width at half-maximum of 0.05 THz for plotting. The
band-unfolding was performed using our own script in com-
bination with the PHONOPY code [40, 41].
IV. RESULTS AND DISCUSSION
Figure 4 shows the phonon band structure of disordered
fcc Cu0.75Au0.25 obtained using the band-unfolding method
based on the first-principles calculations. The 3 × 3 × 3 su-
percell model shows much smoother spectral function than
the 2 × 2 × 2 supercell model. To investigate the conver-
gence of the unfolded phonon band structure with respect to
supercell size in more detail, the band-unfolding calculations
are also performed using empirical interatomic potentials (see
Appendix E). It is found that the unfolded phonon band struc-
ture obtained from the 3 × 3 × 3 supercell model is in excel-
lent agreement with that obtained from the 6 × 6 × 6 super-
cell model (864 atoms) and that even the 2 × 2 × 2 supercell
model gives the unfolded phonon band structure qualitatively
in good agreement with that obtained from the 6×6×6 super-
cell model. Hereafter the results obtained from the 3 × 3 × 3
supercell model are focused on.
The peak positions of the spectral function roughly form
the curves similar to the phonon band structures of typical
pure fcc metals. The unfolded phonon band structure, how-
ever, also shows the “linewidths” of phonon modes. Since the
current phonon modes are obtained under the harmonic ap-
proximation, these linewidths originate not from the phonon
anharmonicity but from the variations of atomic masses and
force constants among the atomic sites due to the chemical
disorder in Cu0.75Au0.25. Actually, the atomic mass of Au rel-
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FIG. 4. (Color online) Phonon band structure of disordered fcc
Cu0.75Au0.25 calculated using the band-unfolding method. The upper
and the lower panels show the results obtained from the 2 × 2 × 2
and 3 × 3 × 3 supercell models, respectively. White circles represent
experimental data at room temperature [22], and blue dashed curves
represent the result calculated using the ICPA method [23].
ative to Cu is approximately 3.5. Moreover, the values of the
force constants in Cu0.75Au0.25 strongly depend on the combi-
nations of the chemical elements and interatomic distance, as
shown in Appendix F.
The unfolded phonon band structure can be decomposed
according to the SRs as shown in Eq. (33) using the projection
operators for SRs defined in Eq. (24). Figure 5 shows this de-
composition for the unfolded phonon band structure of disor-
dered fcc Cu0.75Au0.25. The A1 and the B1 modes (in the Mul-
liken notation) along the 〈110〉 direction are clearly separated
even when they cross to each other around the wave vector
〈0.7, 0.7, 0.0〉. This is difficult in a previous band-unfolding
approach [13], where each mode in the unfolded band struc-
ture is determined based on the cumulative spectral function.
The modes obtained in the current band-unfolding method are
associated with the SRs and hence have the information on
the crystallographic symmetry. This enables us to analyze the
unfolded band structures of disordered systems in very similar
manners to the ordinary band structures of ordered systems.
In Fig. 5, the partial spectral functions clearly show sev-
eral peculiar behaviors which cannot be found for pure met-
als or ordered alloys. One is that the B2-mode branch along
the 〈110〉 direction, whose atomic displacements are shown
in Fig. 5(d), looks discontinuous around the wave vector
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FIG. 5. (Color online) (a): Decomposition of the unfolded phonon band structure of disordered fcc Cu0.75Au0.25 according to the SRs along
the 〈100〉 direction. The result is obtained from the 3 × 3 × 3 supercell model. The leftmost panel shows the total spectral function, while the
other panels show the partial spectral functions corresponding to different SRs specified at the upper-left of the panels. (b): The same as (a)
but along the 〈110〉 direction. (c): The same as (a) but along the 〈111〉 direction. (d): Atomic displacements of the B2 mode at the wave vector
〈0.5, 0.5, 0.0〉 at a certain moment. Squares represent the conventional fcc unit cells, white and black circles represent the atoms in different
layers along the 〈001〉 direction, and blue arrows represent the atomic displacements.
〈0.4, 0.4, 0.0〉. At this wave vector, there is a jump of the
peak positions of the spectral function from around 2 THz to
around 3 THz. Another peculiar behavior is that the doubly-
degenerated E-modes branch along the 〈111〉 direction looks
split around the midpoint between the Γ and the L points. At
the L point, the split peak positions are found around 2 THz
and around 3–4 THz. To investigate whether these peculiar
behaviors are found also in larger-size supercell models or
not, we also check the unfolded phonon band structure of
Cu0.75Au0.25 calculated using empirical interatomic potentials
(see Appendix E). It is found that the discontinuous and the
split modes are still found up to the 6 × 6 × 6 supercell model
(864 atoms), where the unfolded phonon band structure is al-
most converged with respect to the supercell size. Therefore,
these peculiar behaviors are probably not spurious ones due
to the limited supercell size but reveal physically meaningful
characteristics of disordered fcc Cu0.75Au0.25 originating from
its chemical disorder.
To elucidate the origins of the discontinuous and the split
branches, we further decompose the partial spectral functions
for these modes into the contributions of the combinations of
the chemical elements as shown in Eqs. (38) and (39). Fig-
ure 6(a) shows the result for the B2 mode along the 〈110〉 di-
retion. Around the Γ point, all Cu–Cu, Cu–Au, and Au–Au
contribute to the B2 modes. Cu–Cu also contributes to the B2
modes around 2–3 THz, but this Cu–Cu contribution is can-
celed out by the negative Cu–Au contribution. As explained
in Sec. II C 3 and Fig. 3, when the Cu–Au contribution is neg-
ative, Cu and Au atoms hypothetically on the same position
tend to move to the opposite directions, although each chem-
ical element in itself shows the B2-mode atomic movements.
When the wave vector goes away from the Γ point, the peak
10
(a)	
(b)	
FIG. 6. (Color online) (a): Decomposition of the partial spectral function for the B2 mode along the 〈110〉 direction into the contributions
of the combinations of the chemical elements for disordered fcc Cu0.75Au0.25. The result is obtained from the 3 × 3 × 3 supercell model. The
leftmost panel shows the partial spectral function for the B2 mode in total, while the other panels show the contributions of the combinations
of chemical elements specified at the upper-left in the panels. (b): The same as (a) but for the doubly-degenerated E modes along the 〈111〉
direction.
contributed by all the combinations of the chemical elements
almost disappear around the wave vector 〈0.4, 0.4, 0.0〉, where
the peak frequency is around 2 THz. Instead, at this wave vec-
tor, the Cu–Cu contribution makes a new peak around 3 THz,
which continues up to the X point. As a result, the B2-mode
branch looks discontinuous around 〈0.4, 0.4, 0.0〉. Figure 6(b)
shows the decomposition of the doubly-degenerated E modes
along the 〈111〉 direction into the contributions of the combi-
nations of the chemical elements. Like the B2 mode along the
〈110〉 direction, all Cu–Cu, Cu–Au, and Au–Au contribute to
the E modes around the Γ point. We can also find the cancella-
tion between the Cu–Cu and the Cu–Au contributions around
2–3 THz. Cu–Au and Au–Au keep to contribute to this peak
up to the L points, while Cu–Cu less contribute to this peak as
the wave vectors goes away from the Γ point. Instead, around
the midpoint between the Γ and the L points, Cu–Cu makes a
new peak around 3 THz, which continues up to the L point.
As a result, we can find two peaks from around the midpoint
between the Γ and the L points. Overall, we can say that the
discontinuous and the split branches occur because different
combinations of the chemical elements contribute to different
regions of frequency.
In Fig. 4, we also compare the phonon band structure of
Cu0.75Au0.25 calculated using the band-unfolding method with
those calculated using the itinerant coherent potential ap-
proximation (ICPA) method [42]. In the ICPA method, the
phonon band structure of a disordered system is calculated
with consideration in the variations of both atomic masses
and force constants among the atomic sites, like the band-
unfolding method, while the ICPA method is based not on
the supercell approach but on the augmented-space formal-
ism [43]. The peak positions of the spectral function of the
band-unfolding method are mostly in agreement with those of
the ICPA method. The result of the ICPA method shows the
discontinuity in the lowest-frequency branch along the 〈110〉
direction as well as the result of the band-unfolding method.
Finally, in Fig. 4, the phonon band structure of Cu0.75Au0.25
calculated using the band-unfolding method is mostly in
agreement with experimental data [22]. The experimental
data, however, do not clearly show the discontinuous branch
along the 〈110〉 direction or the split branch along the 〈111〉
direction unlike the result of the band-unfolding method. The
reason of this discrepancy is not clear, but since both the
band-unfolding and the ICPA methods show the discontinu-
ous branch along the 〈110〉 direction, we think that the dis-
continuous branch can be found in computational approaches
as far as we incorporate the variations of atomic masses and
force constants among the atomic sites into the calculations.
It should be noted that discontinuous phonon branches have
been observed also in experiments for disordered fcc Ni–
Pt [44] and Cu–Pt [45] alloys, which have large variations
of atomic masses and, possibly, force constants among the
atomic sites as well as disordered fcc Cu0.75Au0.25. This fact
implies that the experimental data for Cu0.75Au0.25 might have
overlooked the peculiar behaviors found in the computational
approaches. It should be also mentioned that the effective
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phonon band structure of Cu0.25Au0.25 calculated using the
average atomic mass and force constants (or dynamical ma-
trices) over the chemical elements [46] seems to be in good
agreement with the experimental data. However, the approach
in Ref. [46] ignores the variations of atomic masses and force
constants among the atomic sites inherent in disordered alloys
and hence does not sufficiently describe the actual situation in
disordered alloys. As shown above, these variations are large
in Cu0.75Au0.25 and hence should be explicitly incorporated
into calculations of the effective phonon band structure. The
computational result in Ref. [46] using the average values may
be accidentally in agreement with the experimental data.
V. CONCLUSIONS
In this study, we develop a procedure to decompose the
effective band structures obtained using the band-unfolding
method according to the SRs of the little groups. For the de-
composition, we derive the projection operators for SRs based
on a group-theoretical approach. The current procedure en-
ables us to compare the band structure of a disordered system
with that of an ordered system or of another disordered sys-
tem in a consistent manner in terms of crystallographic sym-
metry. We also derive the projection operators for chemical
elements, which enables us to investigate the contributions of
different combinations of chemical elements to the unfolded
band structures.
We apply the current band-unfolding method to the phonon
band structure of disordered fcc Cu0.75Au0.25, which has large
variations of atomic masses and force constants among the
atomic sites due to the chemical disorder. The calculated
phonon band structure shows the linewidths of phonon modes
induced by the chemical disorder in Cu0.75Au0.25. The phonon
band structure also shows several peculiar behaviors such as
the discontinuous and the split branches for the modes of spe-
cific SRs. These peculiar behaviors occur because different
combinations of the chemical elements contribute to different
regions of frequency for these branches.
The band-unfolding method can be applied not only to sys-
tems with chemical disorder but in principle also to those
with magnetic disorder. Recently several computational ap-
proaches have been attempted to obtain the phonon band
structures of magnetic systems in the high-temperature para-
magnetic (PM) phase [47–54]. It is possible to also employ
the band-unfolding method for obtaining the phonon band
structures in the PM phase modeled by a supercell model
with disordered magnetic moments, which may enable us to
estimate the impact of thermal magnetic fluctuation on the
phonon band structures.
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Appendix A: Transformation of functions
When {R|w} is applied to a scalar-field function f (x), the
transformed function f ′(x) ≡ {R|w} f (x) satisfies
f ′({R|w}x) = f (x). (A1)
Therefore,
f ′(x) = f ({R|w}−1x)
= f (R−1x − R−1w), (A2)
where {R|w}−1 ≡ {R−1| − R−1w} is the inverse transforma-
tion operator to {R|w}. Similarly, when {R|w} is applied to
a vector-field function f(x), the transformed function f′(x) ≡
{R|w}f(x) satisfies
f′({R|w}x) = Rf(x). (A3)
Therefore,
f′(x) = Rf({R|w}−1x)
= Rf(R−1x − R−1w). (A4)
Appendix B: Orthogonality relations for SRs
Here we show the orthogonality relations for the SRs of the
little group Gk of the wave vector k, which are used to derive
the projection operators for SRs in Eq. (24). Since Gk is a infi-
nite group, we cannot directly use the orthogonality relations
for IRs for finite groups. As shown below, however, we can
derive the orthogonality relations for the coset representatives
of Gk relative to the translation subgroup T , which is very
similar to the orthogonality relations for finite groups. First
we show that the SRs of Gk can be written using the IPRs of
the little cogroup G¯k in the same manner as in the literature
(e.g., Sec. 14.4.2 in Ref. [18]). Then we derive the orthogo-
nality relations for the SRs using the orthogonality relations
for the IPRs of G¯k.
Gk is decomposed using the coset representatives {R j|w j}
relative to T , as shown in Eq. (23). The coset representatives
satisfy the following multiplication rule;
{R j|w j}{Rk |wk} = {I3|t}{Rl|wl}, (B1)
where Rl = R jRk and t = R jwk + w j − wl ∈ T . The µth SR
Γkµ of Gk then satisfies
Γkµ({R j|w j})Γkµ({Rk |wk}) = e−ik·tΓkµ({Rl|wl}), (B2)
where the property of SRs in Eq. (20) is applied to {I3|t}. Sup-
pose that Γkµ({R|w}) ({R|w} ∈ Gk) is decomposed as
Γkµ({R|w}) = e−ik·w∆kµ(R). (B3)
12
By substituting Eq. (B3) into Eq. (B2),
e−ik·w j∆kµ(R j)e−ik·wk∆kµ(Rk) = e−ik·te−ik·wl∆kµ(Rl). (B4)
∴ ∆kµ(R j)∆kµ(Rk) = λ( j, k)∆kµ(R jRk), (B5)
where λ( j, k) ≡ e−i(RTj k−k)·wk . λ( j, k) is found to satisfy
λ( j, k)λ( jk,m) = λ( j, km)λ(k,m). Eq. (B5) therefore indicates
that ∆kµ is a projective representation (PR) [18, 21] of the lit-
tle cogroup G¯k with the factor system defined as the set of
λ( j, k). ∆kµ is irreducible because Γkµ is supposed to be irre-
ducible. Now |λ( j, k)| is equal to one for all the combinations
of the coset representatives, and hence the IPR ∆kµ can be
transformed to be unitary without changing the factor system.
This can be proved in a similar manner to that in, e.g., Theo-
rem 12.3.1 in Ref. [18]. ∆kµ can therefore be supposed to be
unitary without loss of generality. Note that in special cases
the set of the coset representatives can be chosen so that λ( j, k)
is equal to one for all the combinations of the coset representa-
tives. In such cases ∆kµ reduces to an ordinary IR of G¯k. Such
cases occur, e.g., when the space group G is symmorphic or
when k is not on the BZ boundary.
The set of the unitary IPRs {∆kµ} belonging to the same fac-
tor system satisfies the following orthogonality relations (see,
e.g., Theorem 12.3.2 in Ref. [18]);
∑
R∈G¯k
∆
kµ
jk (R)∆
kν
j′k′ (R)
∗ =
|G¯k|
dµ
δµνδ j j′δkk′ . (B6)
Using Eq. (B6) it is also found that the set of the SRs {Γkµ} sat-
isfies the following orthogonality relations for the coset repre-
sentatives;
n∑
l=1
Γ
kµ
jk ({Rl|wl})Γkνj′k′ ({Rl|wl})∗
=
n∑
l=1
e−ik·wl∆kµjk (Rl)e
ik·wl∆kνj′k′ (Rl)
∗
=
|G¯k|
dµ
δµνδ j j′δkk′ . (B7)
It should be emphasized that although Eq. (B7) looks similar
to Eq. (B6), Eq. (B7) is for the little group Gk, which is an
infinite group.
Appendix C: Derivation of Eq. (18)
The notations follow those in Sec. II C 1.
Pˆkk fK(x) =
1
N
N∑
j=1
eikk ·t j tˆ j
N∑
l=1
ckl f
kl (x)
=
1
N
N∑
j=1
eikk ·t j
N∑
l=1
ckl
[
tˆ j f kl (x)
]
=
1
N
N∑
j=1
eikk ·t j
N∑
l=1
ckl f
kl (x)e−ikl·t j [∵ Eq. (16)]
=
N∑
l=1
ckl f
kl (x)
 1N
N∑
j=1
ei(kk−kl)·t j

=
N∑
l=1
ckl f
kl (x)δkl [∵ Eq. (13)]
= ckk f
kk (x). (C1)
Appendix D: Derivation of Eq. (25)
The notations follow those in Sec. II C 2.
Pˆkµ f k(x) =
dµ
|G¯k|
|G¯k |∑
j=1
χkµ(gˆ j)∗gˆ j
∑
ν
nν∑
s=1
dν∑
k=1
cνsk f kνsk(x)
=
dµ
|G¯k|
|G¯k |∑
j=1
χkµ(gˆ j)∗
∑
ν
nν∑
s=1
dν∑
k=1
cνsk
[
gˆ j f kνsk(x)
]
=
dµ
|G¯k|
|G¯k |∑
j=1
χkµ(gˆ j)∗
∑
ν
nν∑
s=1
dν∑
k=1
cνsk
×
 dν∑
l=1
f kνsl(x)Γνlk(gˆ j)
 [∵ Eq. (22)]
=
dµ∑
m=1
∑
ν
nν∑
s=1
dν∑
k=1
cνsk
dν∑
l=1
f kνsl(x)
×
 dµ|G¯k|
|G¯k |∑
j=1
Γ
µ
mm(gˆ j)∗Γνlk(gˆ j)

=
dµ∑
m=1
∑
ν
nν∑
s=1
dν∑
k=1
cνsk
dν∑
l=1
f kνsl(x)δµνδmlδmk
[∵ Eq. (B7)]
=
nµ∑
s=1
dµ∑
k=1
cµsk f kµsk(x). (D1)
Appendix E: Unfolded phonon band structure calculated using
empirical interatomic potentials
Here we investigate the convergence of the unfolded
phonon band structure of disordered fcc Cu0.75Au0.25 with
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respect to the supercell size using the empirical embedded-
atom-method (EAM) interatomic potentials. In Sec. IV, the
unfolded phonon band structure of disordered fcc Cu0.75Au0.25
is obtained from first-principles calculations using the 2×2×2
and the 3 × 3 × 3 supercell models. Although we can find
several peculiar behaviors such as the discontinuous and the
split branches in the unfolded phonon band structure, one may
wonder if these peculiar behaviors are spurious due to the lim-
ited supercell size. Therefore it is worth confirming the cell-
size convergence of the unfolded phonon band structure. It,
however, requires prohibitively high computational costs to
calculate the second-order force constants for further larger
supercell models of disordered fcc Cu0.75Au0.25 based on first-
principles. The use of the EAM interatomic potentials enables
us to access the further larger supercell models because it re-
quires much less computational costs to calculate the second-
order force constants than first-principles calculations.
Disordered fcc Cu0.75Au0.25 was modeled using the 2×2×2,
3 × 3 × 3, 4 × 4 × 4, 5 × 5 × 5, and 6 × 6 × 6 supercells
of the conventional fcc unit cell. For the 2 × 2 × 2 and the
3 × 3 × 3 supercell models, the chemical disorder was ap-
proximated using the SQSs the same as those used in the
first-principles calculations, while for the further larger super-
cell models, the chemical disorder was approximated using
a pseudorandom-number generator. We used the EAM inter-
atomic potentials parametrized by Foiles et al. [55] as imple-
mented in the LAMMPS code [56]. The lattice shape was
kept cubic, and the lattice constant of Cu0.75Au0.25 was fixed
to the experimental value at room temperature, 3.753 Å [39].
The internal atomic positions were optimized until the resid-
ual forces became less than 1 × 10−9 eV/Å. The second-order
force constants of the supercell models were calculated using
finite atomic displacements of 0.01 Å with no further expan-
sion of the supercell models. Phonon modes obtained from the
supercell models were unfolded into the BZ for the primitive
fcc unit cell.
Figure 7 shows the unfolded phonon band structure of
disordered fcc Cu0.75Au0.25 calculated using the EAM inter-
atomic potentials. The results are qualitatively very similar
to those obtained using first-principles calculations shown in
Fig. 4. The spectral function is almost converged at the 3×3×3
supercell model; the result of the 3 × 3 × 3 supercell model is
very similar to the result of the 6 × 6 × 6 supercell model.
Actually, even the result of the 2 × 2 × 2 supercell model
captures most characteristics of the spectral functions of the
larger supercell models. The discontinuous branch along the
〈110〉 direction and the split branch along the 〈111〉 direction
are found in the EAM results, as well as the first-principles re-
sults, even for the 6×6×6 supercell model. Since the spectral
function is expected to be converged at the 6× 6× 6 supercell
model, this result implies that the discontinuous and the split
branches are not spurious behaviors due to the limited super-
cell size but realistic ones originating from the chemical disor-
der in Cu0.75Au0.25. As analyzed in Sec. IV, the discontinuous
and the split branches occur because different combinations
of the chemical elements contribute to different regions of fre-
quency for specific modes.
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FIG. 7. (Color online) Unfolded phonon band structure of disor-
dered fcc Cu0.75Au0.25 calculated using the EAM interatomic poten-
tials. The sizes of the supercell models are shown at the upper-left in
the panels. White circles represent experimental data at room tem-
perature [22].
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FIG. 8. (Color online) Distributions of the second-order force con-
stants between the 1NN atomic pairs with respect to interatomic dis-
tance for disordered fcc Cu0.75Au0.25 obtained from the 3 × 3 × 3 su-
percell model. Red circles, blue squares, and green triangles are for
Cu–Cu, Cu–Au (Au–Cu), and Au–Au pairs, respectively. The first
and the second chemical components are supposed to be on (0, 0, 0)
and (1/2, 1/2, 0), respectively, in fractional coordinates for the con-
ventional fcc unit cell. Each panel corresponds to the symmetrically-
inequivalent element of the force constants specified at the upper-left
in the panel in Cartesian coordinates, where the first and the sec-
ond symbols are for the first and the second chemical components,
respectively.
Appendix F: Variations of force constants in Cu0.75Au0.25
Figure 8 shows the distributions of the second-order force
constants between the first nearest-neighbor (1NN) atomic
pairs with respect to interatomic distance for disordered fcc
Cu0.75Au0.25 calculated from the 3 × 3 × 3 supercell model.
Table I summarizes the average and the standard deviation of
the force constants.
The force constants clearly depend on the combinations
of the chemical elements. At a certain interatomic distance,
the force constants of the Cu–Cu pairs are smaller in magni-
tude than those of the Cu–Au (Au–Cu) and the Au–Au pairs.
The strong dependence of the force constants on the combi-
nations of the chemical elements indicates that it is not ade-
quate to take the average of force constants over the combina-
tions of the chemical elements to describe the real physics in
Cu0.75Au0.25.
The force constants also depend on the interatomic dis-
tance. The force constants tend to be smaller in magnitude
as the bond distance increases.
[1] L. Bellaiche and D. Vanderbilt, Phys. Rev. B 61, 7877 (2000).
[2] M. Jaros, Rep. Prog. Phys. 48, 1091 (1985).
[3] Z. W. Lu, S.-H. Wei, and A. Zunger, Phys. Rev. B 44, 3387
(1991).
[4] T. B. Boykin, N. Kharche, G. Klimeck, and M. Korkusinski, J.
Phys.: Condens. Matter 19, 036203 (2007).
[5] W. Ku, T. Berlijn, and C.-C. Lee, Phys. Rev. Lett. 104, 216401
(2010).
[6] V. Popescu and A. Zunger, Phys. Rev. B 85, 085201 (2012).
[7] P. B. Allen, T. Berlijn, D. A. Casavant, and J. M. Soler, Phys.
Rev. B 87, 085322 (2013); Phys. Rev. B 87, 239904 (2013).
[8] C.-C. Lee, Y. Yamada-Takamura, and T. Ozaki, J. Phys.: Con-
dens. Matter 25, 345501 (2013).
[9] M. Tomic´, H. O. Jeschke, and R. Valentı´, Phys. Rev. B 90,
195121 (2014).
[10] H. Huang, F. Zheng, P. Zhang, J. Wu, B.-L. Gu, and W. Duan,
New J. Phys. 16, 033034 (2014).
[11] O. Rubel, A. Bokhanchuk, S. J. Ahmed, and E. Assmann, Phys.
Rev. B 90, 115202 (2014).
[12] A. B. Gordienko and A. V. Kosobutsky, Phys. Solid State 58,
462 (2016).
[13] T. B. Boykin, A. Ajoy, H. Ilatikhameneh, M. Povolotskyi, and
G. Klimeck, Phys. Rev. B 90, 205214 (2014).
[14] H. Huang, J. Phys.: Condens. Matter 27, 305402 (2015).
[15] F. Zheng and P. Zhang, Comput. Mater. Sci. 125, 218 (2016).
[16] A. R. Overy, A. Simonov, P. A. Chater, M. G. Tucker, and A. L.
Goodwin, (2016), arXiv:1607.06337.
[17] P. V. C. Medeiros, S. S. Tsirkin, S. Stafstro¨m, and J. Bjo¨rk,
Phys. Rev. B 91, 041116 (2015).
[18] S. K. Kim, Group Theoretical Methods and Applications to
Molecules and Crystals (Cambridge University Press, 1999)
cambridge Books Online.
[19] M. Dresselhaus, G. Dresselhaus, and A. Jorio, Group Theory:
Application to the Physics of Condensed Matter, SpringerLink:
Springer e-Books (Springer Berlin Heidelberg, 2007).
[20] M. El-Batanouny and F. Wooten, Symmetry and Condensed
Matter Physics: A Computational Approach (Cambridge Uni-
versity Press, Cambridge, 2008).
[21] A. Authier, International Tables for Crystallography: Vol. D,
Physical Properties of Crystals (International Union of Crys-
tallography, 2003).
[22] S. Katano, M. Iizumi, and Y. Noda, J. Phys. F 18, 2195 (1988).
[23] B. Dutta, K. Bisht, and S. Ghosh, Phys. Rev. B 82, 134207
(2010).
[24] U. Shmueli, International Tables for Crystallography: Vol.
B, Reciprocal space (International Union of Crystallography,
2010).
[25] A. Zunger, S.-H. Wei, L. G. Ferreira, and J. E. Bernard, Phys.
Rev. Lett. 65, 353 (1990).
[26] J. Sanchez, F. Ducastelle, and D. Gratias, Physica A 128, 334
(1984).
[27] D. de Fontaine, Solid State Physics, Vol. 47 (Academic Press,
New York, 1994).
[28] F. Ducastelle, Order and Phase Stability in Alloys (Elsevier,
New York, 1994).
[29] S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science 220,
671 (1983).
[30] S. Kirkpatrick, J. Stat. Phys. 34, 975 (1984).
[31] A. Seko, K. Yuge, F. Oba, A. Kuwabara, I. Tanaka, and T. Ya-
mamoto, Phys. Rev. B 73, 094116 (2006).
15
TABLE I. Average and standard deviation (SD) of the second-order force constants and interatomic distances between the 1NN atomic pairs.
Interatomic distance (Å) Force constants (eV/Å2)
xx xy xz zz
Average SD Average SD Average SD Average SD Average SD
Cu–Cu 2.626 0.078 −0.636 0.237 −0.718 0.261 0.000 0.028 0.086 0.020
Cu–Au 2.679 0.070 −1.165 0.405 −1.368 0.441 0.000 0.052 0.256 0.048
Au–Au 2.776 0.055 −1.919 0.497 −2.279 0.532 0.000 0.084 0.502 0.066
[32] A. Seko, Y. Koyama, and I. Tanaka, Phys. Rev. B 80, 165122
(2009).
[33] P. E. Blo¨chl, Phys. Rev. B 50, 17953 (1994).
[34] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77,
3865 (1996).
[35] G. Kresse, J. Non-Cryst. Solids 192-193, 222 (1995).
[36] G. Kresse and J. Furthmu¨ller, Comput. Mater. Sci. 6, 15 (1996).
[37] G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999).
[38] M. Methfessel and A. T. Paxton, Phys. Rev. B 40, 3616 (1989).
[39] W. B. Pearson, A Handbook of Lattice Spacing of Metals and
Alloys (Pergamon Press, Oxford, 1958).
[40] A. Togo and I. Tanaka, Scr. Mater. 108, 1 (2015).
[41] A. Togo, F. Oba, and I. Tanaka, Phys. Rev. B 78, 134106
(2008).
[42] S. Ghosh, P. L. Leath, and M. H. Cohen, Phys. Rev. B 66,
214206 (2002).
[43] A. Mookerjee, J. Phys. C 6, 1340 (1973).
[44] Y. Tsunoda, N. Kunitomi, N. Wakabayashi, R. M. Nicklow, and
H. G. Smith, Phys. Rev. B 19, 2876 (1979).
[45] N. Kunitomi, Y. Tsunoda, and H. Shiraishi, Solid State Com-
mun. 34, 519 (1980).
[46] Y. Wang, C. L. Zacherl, S. Shang, L.-Q. Chen, and Z.-K. Liu,
J. Phys.: Condens. Matter 23, 485403 (2011).
[47] F. Ko¨rmann, A. Dick, B. Grabowski, T. Hickel, and J. Neuge-
bauer, Phys. Rev. B 85, 125104 (2012).
[48] F. Ko¨rmann, B. Grabowski, B. Dutta, T. Hickel, L. Mauger,
B. Fultz, and J. Neugebauer, Phys. Rev. Lett. 113, 165503
(2014).
[49] Y. Ikeda, A. Seko, A. Togo, and I. Tanaka, Phys. Rev. B 90,
134106 (2014).
[50] F. Ko¨rmann, P.-W. Ma, S. L. Dudarev, and J. Neugebauer, J.
Phys.: Condens. Matter 28, 076002 (2016).
[51] N. Shulumba, B. Alling, O. Hellman, E. Mozafari, P. Steneteg,
M. Ode´n, and I. A. Abrikosov, Phys. Rev. B 89, 174108 (2014).
[52] L. Zhou, F. Ko¨rmann, D. Holec, M. Bartosik, B. Grabowski,
J. Neugebauer, and P. H. Mayrhofer, Phys. Rev. B 90, 184102
(2014).
[53] I. Leonov, A. I. Poteryaev, V. I. Anisimov, and D. Vollhardt,
Phys. Rev. B 85, 020401 (2012).
[54] I. Leonov, A. I. Poteryaev, Y. N. Gornostyrev, A. I. Lichtenstein,
M. I. Katsnelson, V. I. Anisimov, and D. Vollhardt, Sci. Rep. 4,
5585 (2014), article.
[55] S. M. Foiles, M. I. Baskes, and M. S. Daw, Phys. Rev. B 33,
7983 (1986).
[56] S. Plimpton, J. Comput. Phys. 117, 1 (1995).
